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The dynamics of a directed avalanche systems
can be mapped to the dynamics of an interface
model in one lower dimension. This allows us
to understand the scaling behavior of avalanche
systems from the prospective of their underly-
ing interface dynamics. In this talk we’ll intro-
duce this mapping and discuss its application
to a sandbox model.
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1. criticality in nature

2. sandpile models

3. sandbox model

4. numerical results

5. mapping to interface model

6. correction to KPZ scaling

7. irrelevant operator

8. surface scar and rounding
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- earthquake magnitudes

- monthly variations of cotton prices

- extinction rates for four-million-year periods

- coast of Norway

- population of cities

- frequencies of words

Per Bak, How nature works, Copernicus, New York
(1996)
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Gutenberg-Richter’s rule

B. Gutenberg and C. F. Richter, Seismicity of the earth,
Special papers (Geological Society of America); 34 (1941)

logN(M) = a− bM
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spring-block model of earthquake fault

R. Burridge and L. Knopoff, Bull. Seismol. Soc. Am.
57, 341 (1967)

J. M. Carlson and J. S. Langer, Properties of earth-
quakes generated by fault dynamics, Phys. Rev. Lett.
62, 2632 (1989)

J. M. Carlson and J. S. Langer, Mechanical model of an
earthquake fault, Phys. Rev. A 40, 6470 (1989)
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Sandpile models

P. Bak, C. Tang, and K. Wiesenfeld, Self-organized crit-
icality , Phys. Rev. A 38, 364 (1988)

stability condition

hi < hc

toppling rule for unstable site i

hi → hi −
∑

<i,j>

1

hj → hj + 1

for all neighboring pairs < i, j >.

driving rule: randomly choose k,

hk → hk + 1
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Illustration of one avalanche
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Avalanche distributions of sandpile models
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Sandbox picture
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Sandbox model

stability condition

h(x, y) ≤ min[h(x− 1, y− 1), h(x +1, y− 1)]+1

toppling rule

h(x, y) → min[h(x−1, y−1), h(x+1, y−1)]+ηi(x, y)

driving rule: find h(xi,0) = maxx h(x,0),

h(xi,0) → h(xi,0)− ηi

(0 ≤ η ≤ 1, uniform, uncorrelated)
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Avalanche distributions
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Finite size scaling
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point vs interval fit

0 0.02 0.04
1/l

1.8

1.9

2

τ l

Pl(l) = Al−τl

Ql(l) =
∫ ∞
l

Pl(l
′)dl′ = A

τl − 1
l−τl+1

⇒ τl(l) = 1 +
Pl(l)

Ql(l)
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Boundary effect
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h(x, y + 1) =
1

2
[h(x + 1, y) + h(x− 1, y)]

− 1

2
|h(x + 1, y)− h(x− 1, y)|+ η(x, y)

⇒ ∂h

∂y
= ∇2h− λ

2
(∇h)2 + η
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exponents relations

P (l, w, δ) = b−σP (b−zl, b−1w, b−αδ)

τl =
σ − 1− α

z
, τw = σ − z − α, τδ =

σ − 1− z

α

z =
τw − 1

τl − 1
, α =

τw − 1

τδ−1
, σ = τw + z + α

for mass, m ∼ lwδ

τm =
σ

1 + z + α

conservation:

〈m〉 =
1

2
Ly

⇒ σ = 2 + z + 2α
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interface exponents
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avalanche on fresh surface
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stationary sand surface width
from bottom up, Lx is 8, 16, 32, 64, 128, ∞
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Correction to scaling

with irrelevant operator Osc,

∂h

∂t
= ∇2h +

λ

2
(∇h)2 + uOsc

scaling ansatz:

W2(Lx, t, u) = b2αW (b−1Lx, b−zt, byiru)

taking limit Lx →∞ and asumming yir < 0

W2(t, u) = t
2α
z S(t

yir
z u)

= t
2α
z

[
S(0) + t

yir
z S′(0) + · · ·

]

since δW2 ∼ t1/3 ∼
√

W2, yir = −α

⇒ Osc ∼ b−xsc = b−z

g: age field on the surface

Osc ∼ êy · ∇g

|∇g|
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scars on stationary sand surface
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Equation of motion for scars

st(y) ≡ 〈Osc〉, t: avalanche time

Lx
∂st(y)

∂t
=

{
∆

[
θL
t (y)

]
−∆

[
θR
t (y)

]}
−wt(y)st(y)
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Stationary solution s(y) = st(y)

wt(y)st(y) = ∆
[
θL
t (y)

]
−∆

[
θR
t (y)

]

≈ a
[
θL
t (y)− θR

t (y)
]

wt(y)s(y) ≈ a
∂wt(y)

∂y

⇒ s(y) ≈ a
∂

∂y
log

[
wt(y)

]

∼ y−1

as wt(y) ∼
∫∞
y w(y)P (l)dl ∼ y1/z−τl+1 ∼ y−1/3
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Avalanche rounding exponent κ

∂h(y)

∂y
= sf(y) + s(y)

≈ v0 + c1y−κf + c2y−κ
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0.7

0.8
κ

0

0 0.1 0.2
1/y

1

1.1

κ

κf = 2/3 and κ = 1
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Conclusions

- directed system with local dynamics can be

mapped to interface dynamics in one lower di-

mension

- iterated avalanche process results in corre-

lated sampling in the ensemble space and mod-

ifies the scaling behavior

- compact avalanche clusters localized modifi-

cation to the edges of the avalanches (scars)

- this effect dies out with a universal power −1

of the distance from the driving boundary and

results in a strong correction but not funda-

mental change to the scaling behaviors
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